The arc discharge with ablating anode or so-called anodic arc is widely used for synthesis of nanomaterials, including carbon nanotubes and fullerens, metal nanoparticles etc. We present the model of this arc, which confirms the existence of the two different modes of the arc operation with two different anode sheath regimes, namely, with negative anode sheath and with positive anode sheath. It was previously suggested that these regimes are associated with two different anode ablating modes-low ablation mode with constant ablation rate and the enhanced ablation mode (Fetterman et al 2008 Carbon 46 1322. The transition of the arc operation from low ablation mode to high ablation mode is determined by the current density at the anode. The model can be used to self-consistently determine the distribution of the electric field, electron density and electron temperature in the near-anode region of the arc discharge. Simulations of the carbon arc predict that for low arc ablating modes, the current is driven mainly by the electron diffusion to the anode. For positive anode sheath, the anode voltage is close to the ionization potential of anode material, while for negative anode sheath, the anode voltage is an order of magnitude smaller. It is also shown that the near-anode plasma, is far from the ionization equilibrium. cathode and so on. This recycling of the carbon atoms and molecules from the cathode deposit allowed us to explain a high current density at the cathode with almost no ion flux from the anode and the plasma column. Moreover, modeling of the thermal processes at the electrodes, and, in particular, at the anode, enabled us to explain the steep rise of the ablation rate by an exponential dependence of the anode evaporation rate on the temperature. However, the existence of different ablation modes was not predicted in our previous work [5] . This is partially because the arc plasma was almost excluded from the model consideration in [5] . As a result, no heat flux to the anode was self-consistently modeled in this work. Instead, we used inputs from experimental data on the arc voltage and some simplified physical considerations and assumptions.
Introduction
Since 1991 [1] , the carbon arc discharge is widely used for high yield synthesis of carbon nanotubes. In this method, the arc burns between the cathode and the graphite anode. The arc operation is usually maintained at nearly atmospheric pressure helium gas. Under such conditions, the anode is the most thermally loaded electrode in this arc system. Therefore, this electrode ablates due to excessive heating from the plasma. Carbon atoms, molecules and ions are deposited on the cathode forming multi-walled nanotubes, fullerenes and carbon nanoparticles on the cathode surface.
Several important observations have been reported in [2] . First, the copper cathode covered by the carbon deposit is not melted and remained intact during the arc discharge. This observation posed the question about the nature of the electron emission from the cathode [3] . For example, for low ablation rates, it was unclear how the cathode can be heated without much of ions coming from the anode and forming the deposit on the cathode. Moreover, it was found that the anode ablation rate rises steeply when the anode diameter decreases below a certain level [4] . This increase is usually much larger than could be expected from the increase of the current density at the anode or the reduction of the electrode volume, which is heated up by the arc. This experimental result posed another question of whether the arc operates in two different modes with large and small anodes.
In a recent paper [5] , we presented a model of the arc used in carbon arc experiments [2] [3] [4] . To address the first question on the source of the cathode heating for a low ablation mode, we suggested a hypothesis of circling the ions trapped in the near-cathode plasma: carbon ion strike the cathode or the cathode deposit formed by carbon ions, atoms and molecules evaporated from the anode, then carbon atoms and molecules evaporate from the cathode deposit and are ionized close to the cathode. The resulting ions are accelerated back to the cathode and so on. This recycling of the carbon atoms and molecules from the cathode deposit allowed us to explain a high current density at the cathode with almost no ion flux from the anode and the plasma column. Moreover, modeling of the thermal processes at the electrodes, and, in particular, at the anode, enabled us to explain the steep rise of the ablation rate by an exponential dependence of the anode evaporation rate on the temperature. However, the existence of different ablation modes was not predicted in our previous work [5] . This is partially because the arc plasma was almost excluded from the model consideration in [5] . As a result, no heat flux to the anode was self-consistently modeled in this work. Instead, we used inputs from experimental data on the arc voltage and some simplified physical considerations and assumptions.
In this paper, we make the next step toward a self-consistent model of the arc with ablating anode. In particular, this paper is focused on the near-anode plasma processes which determine the heat flux to the anode and thereby, the anode ablation rate.
The anode voltage drop in anodic arcs
A quasi-neutral plasma near the anode is separated from the anode by a non-neutral sheath (figure 1). Space charge in the anode sheath can be either electron attractive with positive anode sheath voltage (so-called positive anode sheath) ( figure  1(a) ) or electron repelling with negative anode sheath voltage (so-called negative anode sheath) ( figure 1(b) ).
The sign of the anode sheath in arcs has been a subject to discussions and controversy during the last half of century. In their classical review, Finkenburg and Maecker [6] analyzing available experiments, considered only the positive anode sheath. They explained the positive anode voltage by the cooling of near-anode plasma by the anode and by decrease in electrical conductivity of the plasma to the anode. The role of the electron diffusion to the anode, which can force electrons to move even against the electrical field, had not been recognized by that time. Therefore, it was concluded that the electric field should increase toward the anode in order to maintain the current continuity. This conclusion was supported by observations for high current carbon arcs. These arcs operated with strongly evaporating anode in which carbon atoms from the anode swept away the ions moving toward the anode. It was proposed that the friction between atoms and ions should lead to the formation of the positive anode sheath [7] .
In mid 70's, the role of the electron diffusion in conduction of the current to the anode was proposed for the first time in [8] [9] [10] . It has been shown that electron density declines toward the anode that gives rise to a strong diffusion of electrons to the anode. According to modeling results, this diffusion flow could be comparable to the total electron current or even exceed it. Under such conditions, the electric field can be small or even change polarity to maintain the arc current to the anode. In the latter case, the voltage drop in the anode sheath becomes negative. The reduction of the electric field in the near anode region was later predicted theoretically in [11] [12] [13] and obtained in more recent simulations [14, 15] .
In arc experiments, electrostatic probes have been used to find potential distribution in the near-anode plasma. [16, 17] reported the reduction of the electric field towards the anode. Experiments by Leveroni and Pfender [18] showed the increase of the electric field near the anode at 60 A arc and the decrease of the electric field at higher currents. In arc experiments by Tanaka and Ushio [19] , a qualitatively similar behavior of the electric field was also obtained. A more complete review of relevant experimental results and modeling can be found elsewhere [20, 21] . In short, available experimental data and existing models of the anode region in arc discharges suggest that depending on a particular arc situation, the anode sheath can be either negative or positive. In this paper, we present the model of experiments [2] [3] [4] that predicts the existence of both anode sheath regimes depending on the anode ablation rate and the anode diameter.
Anode sheath model

Existing models of arcs for nanoparticle production
A majority of carbon arc studies is focused on the methods of synthesis of nanoparticles rather than on arc discharge physics. In the existing arc models, much of attention is paid to gas-dynamics of the arc discharge [22] [23] [24] [25] rather than to plasma processes. For example, to the best of our knowledge, local thermodynamic equilibrium (LTE) with no justification is commonly assumed in the existing arc models. Diffusion processes, including current conduction, which could be very important for short anodic arcs such as used for nanosynthesis, are not considered for the rare exceptions (e.g. [26] ). In different arc modeling studies, different anode sheath regimes were assumed: positive [24, 26] , negative [25, 27] . Electron diffusion process was considered only in [26] .
Model formulation. Equations
For convenience of our modeling, we divide the inter-electrode space into three regions, figure 2, including the cathode sheath with the near-cathode plasma (I), plasma column (II) and the anode sheath (III). In [5] , we assumed that the size of the arc attachment to the cathode is smaller than the arc attachment to the anode. The increase of the current density at the cathode is necessary to maintain the heating of the arc attachment area at the cathode, which is needed to maintain an electron emission from this electrode. This assumption is consistent with arc experiments [28] which showed that the current to the cathode is conducted through a small area with a diameter of less than a half of centimeter. This is at least twice smaller than the total diameter of the cathode and the arc attachment at the anode.
We assume that the arc covers uniformly the whole anode surface and so the current between the plasma and the anode is conducted through this surface. These arc geometry assumptions imply that the diameter of the arc channel increases from the cathode to the anode (figure 2). For simplicity, we used a
where d is the inter-electrode gap and p is an exponent. Here, we assumed that the electron current and the ion current follow this form. Most of our calculations were made with p = 1. In addition, additional calculations were made with p = 1/2 and 2. The results of these calculations showed a low sensitivity of the model to the parameter p.
Another simplification of our model is that the ablation rate and the arc current were used as external parameters. Moreover, the following experimental arc conditions [2] [3] [4] were used for simulations: arc current 65 A, inter-electrode gap 2 mm, anode diameters form 4 to 12 mm. Helium pressure 79 kPa (600 mm Hg). The current density and the plasma temperature at the boundaries between regions I and II, were taken from modeling in [5] , namely: J = 770 A cm −2 and T e = 0.9 eV, respectively. Another external parameter of the problem is the carbon density in the inter-electrode gap. It changes as ablation rate changes. Its value should be obtained by solving gas-dynamic equations inside the gap. We performed calculations with this parameter in a very wide range: from 300 Pa to 30 kPa.
The following processes were considered in simulations: (i) electrons are scattered by helium atoms and by carbon ions (Coulomb scattering); (ii) carbon ions collide with helium atoms and electrons. Collisions of carbon ions with carbon atoms and molecules evaporated from the graphite anode creates a drug force that hamper ion flow toward the anode. These collision processes are particularly important for arc operation with a strong anode ablation. 
He. S α,β is the α−β collision cross section, m α is mass of the α particles, n α is their density, and v , α β is the average relative thermal velocity of the colliding particles. V α is the directional velocity of the particles of the α sort. After introducing g α = n α V α flux density and excluding the electric field from equations (2) and (3) 
Here g is flux density of the evaporated atoms. First two terms in (4) describe diffusion and mutual action of electric field and electron-ion friction. The last term is responsible for ion-evaporated atoms friction. In equation (4), g e = J/e > 0 is the electron flux density. The flux density of the ablating atoms is 
The electron density satisfies the continuity equation. In the steady state
where ġ i is the ionization-recombination rate. Electric field doesn't appear in equation (8) explicitly. It could be found from the Ohm's generalized (including diffusion) law:
Discretization of equation (8) for numerical computations in finite difference is shown in the appendix. A forty nodes mesh has been used. For the source term in equation (8) we wrote:
where n S (T e ) is the equilibrium (according to the Saha form ula) electron density and β is the coefficient of the threebody recombination. The total density of the carbon particles was calculated as corresponding to the chosen ablating rate
. Thus, no ionization/recombination equilibrium was considered in the model for the entire arc discharge. Equation (10) describes the deviation from the equilibrium.
For electron temperature we have the following two equations:
He e e,He e a ( ) ( )
First term in equation (11) describes the heat flux density due to thermal conduction, second-flux of kinetic energy the electrons. T a , the temperature of the heavy particles (carbon atoms and ions) and equal to it temperature of the helium atoms were considered as given at some low level and independent on arc characteristics 3 . Equations (11) and (12) can be converted into one equation of the second order, which was re-written in finite differences the same way as equation (8) (see in appendix).
Boundary conditions
The above equations are equally applicable for positive and for negative anode sheath regimes. The difference between these regimes is in the boundary conditions that are set at the plasma-sheath boundary. 
From an electron kinetic standpoint, electrons cloud in the near-anode region loses its energy due to loss of fast electrons escaping to the anode. In a steady state, the energy necessary to compensate this loss is supplied by the electron thermal conduction:
As for electron density at the plasma-sheath boundary, since the sheath thickness is much narrower than the ion mean free path, the sheath is collisionless: Typical sheath thickness ~10 −4 cm, whereas the ion free path (ion colliding with helium atoms) is about 10 −3 cm. Therefore, the ion velocity at the sheath boundary satisfies the Bohm's criterion: At the same time, this heat flux density should be equal to the heat flux density of the freely moving electrons. Assuming a half-Maxwellian electron energy distribution function in the near anode region, the heat flux density is ~2.5 JT e . Comparing these two heat flux density expressions, we find:
Consistency of the plasma parameters with the bound-
ary conditions. We assume that there is no double layer in the near-anode plasma. Therefore, the boundary conditions should be consistent with the plasma parameters at the plasma-sheath boundary. Namely, the electric field at the boundary should be positive in the case of the positive sheath voltage and vice versa. In order to determine, which sheath case is realized, the following procedure was applied for arc simulations:
1. Assuming a sign of the sheath electric field (negative or positive) and setting the corresponding boundary conditions, equations (9)- (12) were solved. 2. The sign of the electric field at the anode sheath boundary with the plasma was obtained and compared to the initial sign of the sheath electric field. If they match, the solution is obtained. If the signs do not match, the opposite sign of the sheath electric field was assumed and steps 1-2 of the procedure were repeated. 3. If neither sign of the sheath voltage provides the match, no solution with the selected parameters was considered. 4. No multiple solutions (both modes at the same set of external parameters) were found.
Parameters used in calculations
We used the following parameters in our calculations. S i,a , cross section of the resonance charge exchange C + -C, was taken from the [29] : S i,a =5 × 10 −15 cm 2 . For electron-helium col lisions S e,He =2 × 10 −16 cm 2 [30] . For electron-carbon atoms collisions, we used S e,a = 1 × 10 −16 cm 2 . We did not find in literature experimental value for charge exchange collisions C + -He. Theoretical values of collisional cross sections for this type of collisions obtained by different authors are scattered [31] . We used the S i,He = 2 × 10 −15 cm 2 value. Coefficient of the three-body recombination was calculated according to [32] . Transport properties of the electron gas, including electrical and thermal conductivities, were calculated according to Spitzer-Harm. Scattering of electrons on neutral helium atoms was also taken into account in these calculations.
For parameters at the cathode edge of the discharge, the plasma parameters from [5 and 8] were used: J cathode = 770 A cm −2 , T ecathode =0.9 eV, helium gas pressure is 600 mm Hg, The inter-electrode gap of 2 mm was taken from experiments of [2] [3] [4] .
Results
Distributions of the electron density, electron temperature, and the electric field in the arc plasma were calculated. It was found that both anode sheath regimes, with positive anode voltage drop and negative anode voltage drop, can exist. The anode sheath regime is determined by the arc current density at the anode and the ablation rate of the anode material. Figure 3 illustrates the operating domains for these anode sheath regimes, namely, regime I and regime II, for three values of the carbon species densities: 300 Pa, 3 kPa and 30 kPa. With high current density at the anode and high ablation rate, the anode sheath is positive (regime II). This result is explained as follows. When the anode current density is high, the diffusion component of the current is not able to sustain the necessary current density, and the electric field at the plasma-sheath is positive. Another process contributing to the formation of the positive anode sheath is that ions are swept away by a strong flow of the atoms and molecules ablating from the anode. A phenomenological description of this mechanism was first discussed in [7] .
For the arc operation with a low ablation rate and low current density at the anode, the sheath is negative (regime I).
Both anode sheath regimes are shown in figure 3 . One can see that for all the carbon pressures, these regimes share no one common boundary. At this moment, it is not clear whether this result is due to the model assumptions or some physical reason. It is possible that the gap corresponds to two different regimes observed experimentally in [2] [3] [4] . More accurate modeling including 2D modeling may shed light to this issue.
Below we present result obtained for 3 kPa if not stated otherwise.
Plasma parameters in the inter-electrode gap
Distributions of the main plasma parameters are different for different anode sheath regimes. In figures 4-8, we compare parameters of the inter-electrode plasma obtained at the same current density at the anode (129 A cm ) but at different ablation rates, 2 mg s −1 and 16 mg s −1 . Physically they correspond to the same size but differently cooled anodes that leads to its different ablation rates.
Let us start with parameters of regime I. For this regime, figure 4(a) shows the electron current components driven by , and the total current density which is sum of these two. Here, the ablation rate is 2 mg s −1 . As can be seen the diffusion flow near the anode exceeds the total current density. As a result, the electric field reverses and the Ohmic current is directed from the anode to plasma in order to maintain the total current density. Moving in repelling electric field (figure 5), the electrons are cooling down and their temperature decreases toward the anode, figure 6 . Figure 4 (b) displays the current components for anode sheath regime II. Here, current density is the same as in the case shown in figure 4 , while the ablation rate is 16 mg s −1 . At the cathode side of the plasma, the diffusion current exceeds the Ohmic one and the electric field in that region repels electrons moving toward the anode ( figure 5) . Consequently, the electron temperature decreases (figure 6). However, closer to the anode, the ablation of the anode form the flux of the atoms which sweep the electrons off, causing the electron density to drop in this arc region. The diffusion alone can not sustain the total current to the anode. As a result, the electric field close to the anode becomes positive.
For both anode sheath regimes, figure 7 demonstrates the sweeping effect of the ablation on the electron density distribution. This effect decreases the role of the diffusion and leads to the formation of the positive anode voltage drop.
Note that for both anode sheath regimes, plasma near the anode is not in ionization equilibrium (i.e. the Saha formula is not hold) (figure 8). The reason for high deviation from the ionization equilibrium is that the corresponding 'ionization length' L ion = (Dα) 1/2 [10] is comparable or larger than the inter-electrode gap. Here, α is the ionization rate.
Arc voltage, ion current and heat flux to the anode
Ion current at the plasma-sheath boundary.
The positive and negative anode sheath regimes have different directions of the ion current at the plasma-anode sheath boundary (figure 9). For regime I, ions and electrons are moving in the same direction from plasma to the anode (ion current density is positive). As the ablation rate increases, evaporated atoms push the ions away and the ion current density decreases. Note that simultaneously, the absolute value of the anode voltage drop decreases (figure 10). Finally, for regime II with a high ablation rate the ions move from the anode to the plasma: ion current density changes its sign.
It is important that ions moving from plasma to the anode (regime I) are generated in the plasma, while ions moving from the sheath into plasma (regime II) should be generated inside the anode sheath. The details of this ion generation need a special consideration which is outside the scope of this paper. Here, we restricted the analysis to the following approximate considerations. Electrons entering the positive sheath region should generate less than 0.005 number of ions per electron: ion current density doesn't exceed 0.7 A cm −2 whereas electron current density at the anode is 129 A cm −2 (figure 9). When electrons gain enough energy in the positive sheath, they start to ionize atoms and molecules evaporated from the anode (Regime II). Therefore, one might assume the anode voltage drop inside the positive sheath equal to the ionization potential of carbon decreased by the amount of the initial kinetic energy of the electrons entering the sheath.
Arc voltage.
Once the voltage drop inside the sheath is determined, it is possible to calculate the arc voltage and the heat flux to the anode. The arc voltage was calculated as a sum of the cathode voltage (obtained according to [5] ), the voltage in the plasma channel and the anode sheath voltage. The latter two voltages were from the model presented in this work. The result was: 12 V for the regime I and 18 V for the second regime. Different approximations of the arc channel shapes (parameter p in formula (1)) result in slight difference in total voltages. For example, in regime I, the difference in voltages between the case p = 0.5 and the case p = 2, is 0.26 V. In regime II, the results are more sensitive to parameter p. 4.2.3 . Heat flux to the anode. The heat flux to the anode, q a , consists of the heat delivered by electrons, in the form of potential energy (work function φ) and in the form of kinetic energy, and the heat flux density of heavy particles (helium atoms in our case) brought to the anode by thermal conduction, q e,He . 
Here, we assumed that each electrode receives half of the total power. It is common for arc studies that the energy delivered to the electrodes by heat is expressed in the so-called volt equivalent of the heat that is the heat flux density to current density ratio, V eq = q/J. Figure 11 shows that for small anodes with positive anode sheath, the model predict larger voltage equivalent than for large anodes with negative anode sheath. A larger anode heating in regime II explain larger ablation rate measured in this regime as compared to regime I with larger anodes.
Conclusion
Experiments and model of the arc with ablating anode show two different heating regimes of the anode and correspondingly two different regimes of the anode ablation: (1) very low nearly constant ablation rate and (2) enhanced ablation. The first ablation regime is usually for large anode (in [2] [3] [4] for anode diameters >6 mm) and low current densities, while the second regime is for small anodes (in [2] [3] [4] for anode diameters <6 mm). For two regimes, the calculated domains correspond to these experimental observations. Model attributes these differences to differences in the near-anode processes and the anode sheath. For low ablation regime, the model predicts an ion attractive negative anode sheath, while for high ablation rate, the predicted sheath is electron attractive, positive. For the arc with a positive anode sheath, the heat flux to the anode is much larger than for the arc with the negative anode sheath. The latter is consistent with the high ablation rate measured for the arcs with small anodes. In both anode sheath regimes, the diffusion plays significant or even dominant role in conducting the current to the anode. Furthermore, for negative sheath, the diffusion results in fluxes larger than the total current to the anode. As a result, the electric field changes its sign close to anode in order to provide the necessary current density at the anode.
Simulation showed that close to anode and in some in the whole gap, there is no ionization equilibrium. Electron density does not follow the Saha formula.
Among practical implications of these results, the high ablation mode with a positive anode sheath can produce a large feedstock of carbon species for synthesis of nanomaterials. Moreover, the prediction of the anode sheath transition may be applicable for other anodic arc applications, including synthesis of other than carbon nanomaterials and welding arcs.
There are several limitations of the present arc model, including, but not limited to its 1D description. Assuming the near-cathode layer completely autonomous (independent of the plasma in the inter-electrode gap) is another approximation. Moreover, throughout this work only carbon atoms and ions were considered, while it is known that at high temperatures graphite evaporation produces also produce C 2 and C 3 molecules [33] . In fact, experiments [34] showed substantial amounts of C 2 molecules in the arc discharge. However, it is unlikely that the presence of carbon molecules can change the major conclusion of this study. The ionization potential of carbon atoms and, for example, C 2 is very close [35] . Moreover, the dissociation of C 2 molecules is unlikely in the sheath because of a relatively high dissociation energy (7.6 eV [35] The coefficients A, B and D were calculated similarly. In equation (8) written in above form, conservations of the total cur rent and the total flux of the carbon particles are taken in the most straightforward way.
